Quantum field theories have a rich structure in the presence of boundaries. We study the groundstates of conformal field theories (CFTs) and Lifshitz field theories in the presence of a boundary through the lens of the entanglement entropy. For a family of theories in general dimensions, we relate the universal terms in the entanglement entropy of the bulk theory with the corresponding terms for the theory with a boundary. This relation imposes a condition on certain boundary central charges. For example, in 2 + 1 dimensions, we show that the corner-induced logarithmic terms of free CFTs and certain Lifshitz theories are simply related to those that arise when the corner touches the boundary. We test our findings on the lattice, including a numerical implementation of Neumann boundary conditions. We also propose an ansatz, the boundary Extensive Mutual Information model, for a CFT with a boundary whose entanglement entropy is purely geometrical. This model shows the same bulk-boundary connection as Dirac fermions and certain supersymmetric CFTs that have a holographic dual. Finally, we discuss how our results can be generalized to all dimensions as well as to massive quantum field theories.
Quantum many-body systems are often studied in infinite space or on spaces without boundaries, like tori and spheres, in order to simplify the analysis. However, introducing a boundary is not only more realistic, but it can reveal novel phenomena. For instance, gapped topological phases like quantum Hall states often have protected boundary modes [1] . In fact, such topological boundary modes can often only exist at a boundary of a higher dimensional system. In the gapless realm that will be the focus of this work, boundaries can give rise to novel surface critical behaviors. Generally, many distinct boundary universality classes are possible for a given bulk one, which leads to new critical exponents that are absent in a bulk treatment, see e.g. [2] .
There has been a recent effort to understand the quantum entanglement properties of critical systems in the presence of a boundary [3] [4] [5] [6] [7] [8] [9] , which provides a new viewpoint compared to the study of correlation functions of local operators. This is partly motivated by the success of such entanglement measures in bulk systems. One example is the construction of a renormalization group arXiv:1907.11249v1 [cond-mat.str-el] 25 Jul 2019 monotone for relativistic theories in 3d (where d stands for the spacetime dimension) using the entanglement entropy for certain spatial bipartitions, i.e. the F -theorem [10] [11] [12] . We recall that the entanglement entropy associated with a pure state |ψ and a subregion A of the full space A ∪ B is defined as S(A) = −tr(ρ A log ρ A ), where the reduced density matrix is ρ A = tr B |ψ ψ|. An extension of this work to relativistic systems with boundaries results in a new proof of the g-theorem in 2d [9] , and its generalization to higher dimensions [13] . However, the entanglement structure and its dependence on boundary conditions remains largely unknown, the more so for nonrelativistic theories.
In this work, we study the entanglement entropy (and its Rényi generalizations) in groundstates of gapless Hamiltonians in the presence of boundaries. An important role will be played by entangling surfaces that intersect the physical boundary. These lead to a new type of corner term that is distinct from the corner terms that have been extensively studied in the bulk. The entanglement entropy of such boundary corners has been studied for non-interacting CFTs [8, 14, 15] , certain interacting large-N superconformal gauge theories via the AdS d+1 /bCFT d correspondence [16] [17] [18] [19] [20] , and a special class of Lifshitz theories [21] . For non-interacting CFTs we find that the boundary corner functions are directly related to the bulk corner function via simple relations. We successfully verify our predictions numerically for the relativistic scalar on the lattice, which requires a numerical implementation of Neumann boundary conditions. For scalar and Dirac CFTs, we show that the boundary corner function can be used to extract certain boundary central charges.
Our paper is organized as follows. After the Introduction, Section II introduces the relation between the entanglement entropy of bulk subregions to that of subregions in a theory with a physical boundary. In Section III, we study the bulk-boundary relation for regions with corners in (boundary) CFTs, with a focus on free scalars and Dirac fermions. A numerical check on the lattice is presented for the scalar. In Section IV, we propose an ansatz in general dimensions, the boundary Extensive Mutual Information model, for a CFT with a boundary whose entanglement entropy is purely geometrical. In 3 spacetime dimensions, we obtain the boundary corner function analytically, which gives a certain anomaly coefficient for the theory. In Section V, we study the entanglement properties of a gapless non-interacting Lifshitz theory. Using the heat kernel method, we obtain the boundary corner function for both Dirichlet and Neumann boundary conditions, and find that these have the same qualitative features as the relativistic scalar. In Section VI, we discuss the extension of our results to massive quantum field theories, focusing on the relativistic scalar. We conclude in Section VII with a summary of our main results, as well as an outlook on future research topics. Four appendices complete the paper: Appendix A deals with central charges, Appendix B discusses the entanglement entropy of cylindrical regions in 4d spacetimes for the relativistic scalar, Appendix C shows our implementation of boundary conditions for the discretized scalar field (Dirichlet and Neumann), and Appendix D recalls the high precision ansatz for the scalar bulk corner function.
II. Relating bulk to boundary entanglement A. (1 + 1)-dimensional systems
For one-dimensional quantum systems of infinite length described by conformal theories, the n-Rényi entropy, S n (A) = log(trρ n A )/(1 − n), of an interval of length takes the form [3, 4] S n ( ) = c 6 1 + 1 n log + 2c
where c is the central charge of the CFT, is a UV cut-off and c 0 n is a non-universal constant. If the system is not infinite but has a boundary, say it is the semi-infinite line [0, ∞[, the Rényi entropies of a finite interval adjacent to the boundary [0, ] are now given by [3, 4] 
where B is the boundary condition imposed at the origin, c 0 n is the same [22] non-universal constant as in (1) , and log g B is the boundary entropy, first discussed by Affleck and Ludwig [23] (see also [5, 6] ).
Looking at expressions (1) and (2), one immediately notices that the Rényi entropies for 2d CFTs and bCFTs satisfy
at the leading order in . Indeed, the logarithmically divergent part of the entropy of an interval in the presence of a boundary can be obtained from the entropy of the union of that interval with its mirror image (with respect to the boundary) in an infinite system, i.e. by the formula (3) for an interval connected to the boundary. In 2d bCFTs, the dependence of the n-Rényi entropy on the boundary conditions appears in the subleading terms to the logarithmic divergence, namely in the boundary entropy log g B . Similarly, for d-dimensional CFTs, the presence of a boundary affects the terms subleading to the area law. This means that the analogue of formula (3) is valid at the area law level in higher dimensions, but does not necessarily hold for subleading terms, which are the interesting ones as they contain universal information. In this work, we shall show that such a relation between the universal part of the bulk and boundary entanglement entropies does exist in general dimensions. Our results cover not only free CFTs but also certain interacting ones, as well as Lifshitz theories.
B. Free CFTs in general dimensions
For free theories, the n-Rényi entropy may be computed using the heat kernel (or Green function) method together with the replica trick. Essentially, one has to compute the trace of the heat kernel on a manifold with a conical singularity along the entangling surface. Let us take the free scalar field as an example. For a base manifold that is the half-space in R d , we may impose either Dirichlet or Neumann BCs on the boundary (conformal BCs). The (scalar) heat kernel is then the sum of a 'uniform' term, which equals the heat kernel K on R d (without boundary), and a reflected term K * . The reflected term satisfies the heat equation, with boundary data cancelling that of the uniform term. For Neumann (+) and Dirichlet (−) BCs, one has K N/D = K ± K * . Taking the trace of these heat kernel one gets tr K = tr(K N + K D ), where tr stands for the trace over R d and tr for the trace over the half-space only. Thus, considering the entropy of a scalar field for an arbitrary subregion A of R d symmetric with respect to some hyperplane, one may obtain the entropy of A as the sum of the Neumann and Dirichlet entanglement entropies of the two mirror subregions with a boundary being the hyperplane of symmetry of A. In 1 + 1 dimensions, this reasoning leads to (3) at leading order in / for free CFTs, independently of the boundary conditions. As was discussed, this holds for general CFTs in 2d. These considerations, along with new ones that we shall present in this work, motivate the following conjecture relating bulk and boundary entanglement in d ≥ 2.
C. Bulk-boundary relation
Consider some arbitrary co-dimension 1 spatial region (not necessarily connected) in R 1,d−1 which is symmetric with respect to a co-dimension 2 plane. In other words, this region is the union of two mirror symmetric regions A and A , as for example shown in Fig. 1 . Then, for certain bQFTs, we conjecture that there exist some boundary conditions B and B that may be imposed on the plane of symmetry (physical boundary) such that the following relation between Rényi entropies holds
where S n (A ∪ A ) is the n-Rényi entropy for the whole region A ∪ A in the spacetime without boundary, while S
(B)
n (A) is the n-Rényi entropy for the region A with boundary condition B imposed on ∂M, and similarly for S (B ) n (A ). One may think that (4) strangely resembles the subadditivity property of an extensive configuration. However, it is not so because we compute entropies for different theories.
A particular case of (4) is given when the boundary conditions coincide, B = B :
which can be seen as a generalization of (3). As we shall see, this form of the bulk-boundary entanglement relation will be realized for Dirac fermions, holographic CFTs, and the so-called (boundary) Extensive Mutual Information Model. For 2d bCFTs, our relation (4) would imply that
for certain pairs of boundary conditions B, B . This is actually the case for the XX chain and free fermions with open boundary conditions for which g B = 1 [23, 24] . This condition on the boundary entropy can be seen as necessary for the bulk-boundary relation to hold beyond the leading logarithmic term. In higher dimensions, since the leading term in the Rényi entropy is the area law, we expect that the bulk-boundary relation implies a relation for a higher dimensional analogue of the boundary entropy. Let us consider the case of spacetime dimension d = 3, which will be the focus of the present work. We consider our region A to be a half-disk attached to the physical boundary ∂M. Then its mirror image is also a half-disk, and A ∪ A is a full disk, as illustrated in Fig. 4 . The left hand side of (4) for the groundstate of a CFT is then (n = 1):
where R is the radius of the disk, and the universal Rindependent contribution features the RG monotone in d = 3, F . In contrast, the right hand side of the relation (4) will be built from the half-disk entropy
where we have omitted subleading terms in R/ . The logarithmic divergence comes from the two corners generated by the intersection of the entangling surface and the physical boundary. It was argued that s
log is proportional to the boundary central charge a B that appears in the trace of the stress tensor as a consequence of the conformal anomaly. We see that in order for the bulkboundary entanglement relation (4) at n = 1 to hold, the logarithms must cancel, implying:
For example, in the case of a free scalar field, the central charges for Dirichlet and Neumann boundary conditions have opposite sign, which is a necessary condition for the relation. If we are dealing with the relation for a single boundary condition B = B , (5), this implies that the boundary central charge must vanish, a B = 0. This will indeed be the case for Dirac fermions, holographic CFTs (with α = π/2, see below), and the Extensive Mutual Information Model.
III. CFTs in 2 + 1 dimensions
In two spatial dimensions, there are many ways to partition a domain. In this paper, we mainly study two different kind of regions that contain corners, and which produce a logarithmic correction to the area law in the entanglement entropy,
with a certain corner function s log (θ) as the cut-off independent coefficient of the logarithmic term. The two corner geometries of interest are depicted in Fig. 2 . They may be classified according to whether they touch the boundary of the space (boundary corner), or not (bulk corner). 
a. Bulk corners
The first partitioning of the space is the simplest one. The region A is an infinite wedge with interior angle θ, see Fig. 2a , and thus presents a corner. Let a(θ) be the bulk corner function. It only depends on θ, and by purity of the groundstate,
which allows us to study this corner function for 0 < θ ≤ π. The bulk corner function a(θ) has other interesting properties. It is a positive convex function of θ that is decreasing on ]0, π] [25] , i.e.,
for 0 < θ ≤ π. The behavior of a(θ) is constrained in the limiting regimes where the bulk corner becomes smooth (θ π), and where it becomes a cusp (θ → 0):
where we have introduced two positive coefficients, σ and κ. Furthermore, the smooth bulk corner coefficient σ is universal in the strong sense for general 3d CFTs,
where C T is a local observable: the central charge appearing in the two-point function of the stress tensor. This universal relation was conjectured in [26, 27] and subsequently proven in [28] for general CFTs. Gapless QFTs that are scale and rotationally invariant, but not necessarily conformal, will also receive such a nearly-smooth corner contribution to the entanglement entropy. In that case, C T is replaced by a positive coefficient that appears in the so-called entanglement susceptibility [29] .
b. Corners adjacent to the boundary When the space has a boundary ∂M, one can consider a wedge adjacent to ∂M. In other words, the entangling surface intersects ∂M with an angle θ, see Fig. 2b , defining what we call a boundary corner. Then let b(θ) be the boundary corner function. Depending on the context, we sometimes write b (B) (θ) making the boundary condition explicit. The boundary corner function depends on the interior angle θ and on the boundary conditions imposed on ∂M. By purity of the vacuum state
allowing us to only consider 0 < θ ≤ π/2. Unlike its bulk counter-part, b(θ) can be either convex or concave depending on the field theory and the boundary conditions. Its form is also constrained in the orthogonal (θ π/2) and cusp limits:
At exact orthogonality, it was argued that
is proportional [8, 14] to the boundary charge a (sometimes called b in the literature) that appears in the conformal anomaly in 3d. Although not written explicitly here, a does depend on the boundary condition B. We refer the reader to Appendix A for further details regarding how the anomaly manifests itself in the trace of the stress tensor in the presence of a boundary. Interestingly, a was recently proved to be an RG monotone for boundary RG flows under which the bulk remains critical. However, the coefficient η B is not universal in the strong sense as its value differs for free scalars (η B = a/24) and for holographic bCFTs (η B = a/96). Indeed, for holographic bCFTs [18, 19] , η B comes entirely from the anomaly, whereas for free scalars it is not the case due to the occurrence of the non-minimal coupling of the scalar field to the curvature [8] . In Table I , we summarize our findings for the coefficients appearing in the boundary corner function in the straight and cusp limits for various CFTs, and the z = 2 Lifshitz scalar. Not much is known about b(θ) for free fields, beyond θ = π/2. Only recently [15] has it been computed numerically on the lattice for free scalars with Dirichlet boundary conditions. Numerical values for the two boundary corner coefficients σ B and κ B were found to be σ E (θ) was computed in [19] for holographic theories dual to Einstein (E) gravity. The authors showed there that the orthogonal boundary corner coefficient σ
E is related to the boundary central charge A
(α)
T in the near-boundary expansion of the stress tensor [19] ,
where the general definition of A T in a bCFT d is [30] 
In the above, the stress tensor is inserted at a distance from the boundary, where we have imposed boundary condition B.k ij is the traceless part of the extrinsic curvature tensor of the boundary, k ij . The relation (18) is valid for any value of the continuous parameter α which encodes the BCs in the holographic bCFT. Note that (18) does not hold for free scalars with Dirichlet BCs [15] .
In this manuscript, we are mostly interested in the logarithmic corner functions that appear in the entanglement entropy for regions as pictured in Fig. 3 . Then according to (4) , bulk and boundary corner functions should be related to each other through
for some boundary conditions B and B depending on the field theory under consideration. In what follows, we explore the implications of relations (4) and (20) for various models. 
A. Free CFTs
Let us first consider a non-interacting conformal scalar field with lagrangian density L = 1 2 ∂ µ φ∂ µ φ. Conformal invariance restricts the possible admissible boundary conditions to either Dirichlet or Neumann BCs. Then, for free scalars we conjecture that the bulk corner function a s (θ) and the boundary corner function b s (θ) are related through
where N (D) stands for Neumann(Dirichlet) BCs.
For free Dirac fermions, we consider mixed (M) BCs [31] which yield a vanishing current through the boundary, and where a Dirichlet BC is imposed on a half of the spinor components and a Neumann BC on the other half. With these BCs, the Dirac fermion presents some similarities with scalars evenly split between Neumann and Dirichlet BCs: for example same structures of certain two-point functions [32, 33] , also the central charges for the Dirac fermion in the 3d anomaly (see (A1)) match the sum of those for Neumann + Dirichlet scalars. We then conjecture the following relation between the bulk corner function a f (θ) and the boundary corner function b f (θ) for free Dirac fermions:
This is a special case of (20) with B = B = M . Observe that (21) and (22) satisfy the reflection symmetry expected for pure states for θ → π − θ. Using (12) and (15), in the limit θ π/2, from (21) and (22) we obtain the following relations between the bulk and boundary corner coefficients σ's:
We can use the so-called smooth-limit boson-fermion duality [26, 34] 
can view this last relation as a new boson-fermion duality in the presence of a boundary, which can be understood heuristically by recalling that a Dirac fermion with mixed BCs has two components, one with Dirichlet BCs and the other one with Neumann BCs. In the opposite regime θ → 0, inserting (12) and (16) in (21) and (22) yields
With the lattice calculations for the Dirichlet scalars [15] giving σ D s = 0.023(4) 3/128 and the well-known values [26, 35] σ s = 1/256 and σ f = 1/128, one can predict the orthogonal boundary corner coefficients to be
For the cusp corner coefficients we have [15, 35] is presented in Section III A 2; we find that the relation (21) is indeed obeyed.
Free scalars in the (half-) disk
The Hamiltonian of a free massless real scalar field ϕ in 2 + 1 dimensions reads
We consider a circular region such that we may impose either Dirichlet or Neumann BCs on its diameter. In polar coordinates (r, θ), the boundary conditions are imposed at θ = 0, π. Due to the symmetries, the fields can be conveniently decomposed in angular modes as where f k (θ) is a set of orthonormal functions which depend on the BCs such that
with D (N ) standing for Dirichlet (Neumann) BCs. The Hamiltonian can then be written as H = k H k , where
The entanglement entropies for the half-disk with Dirichlet and Neumann BCs are thus given by
where S k is the entropy for the k th mode associated to H k . Notice that the difference between the entanglement entropy for Dirichlet and Neumann BCs is the presence of the zero mode in the latter,
It is worth mentioning that the zero mode in S
contributes a factor of 1/6 in the logarithmic part of the entropy, while the infinite sum over the higher modes, i.e. S
h−disk , contributes negatively with −1/12. Now, we want to compute the entanglement entropy of a complete disk of radius R (no boundary here). Just as before, we can take advantage of the rotational symmetry and decompose the fields on angular modes, with eigenfunctions f k (θ) = 1 √ 2π e ikθ , where k ∈ Z. One then finds that the entanglement entropy of a disk is given by
Comparing (35) to (34) , one obtains
which is exactly our conjectured relation (4), applied to the (half-) circle for the scalar field with Dirichlet/Neumann BCs. Let us emphasize that (36)is valid for the full entropies, including the finite terms. These finite contributions, let us denote them −F D/N , are unphysical by themselves as they may be spoiled by the logarithmic term upon rescaling the UV regulator. Their sum, however, is a physical quantity F D + F N = F , that is the free energy on S 3 , see (6) . One can also check that (36) yields a consistent relation for the corner functions:
Similar calculations can be done for a scalar field in a cylinder in 4d (see Appendix B) or in the (d − 2)-sphere, see e.g. [38, 39] .
Lattice calculations for the free scalar
We consider the discretized Hamiltonian of a 2+1 dimensional free massless scalar field on a square lattice given by
where x = (x, y) represents the spatial lattice coordinates with
, and L i is the lattice length along the i th direction. The total number of sites is N = L x L y . The Hamiltonian (38) corresponds to a lattice of coupled quantum harmonic oscillators, and its linearly dispersing acoustic mode is described by the free scalar CFT. H may also be written more compactly as
where K is an N × N matrix encoding the nearestneighbor interactions between lattice sites as well as the boundary conditions. The vacuum two-point correlation functions X xx ≡ φ x φ x and P xx ≡ π x π x are given in terms of the matrix K by
The entanglement entropy can then be calculated [35] from the eigenvalues ν of the matrix C A = √ X A P A , where X A and P A are the correlation matrices restricted to the region A:
We choose to impose periodic BC in the x direction and Dirichlet-Neumann BCs in the y direction, i.e. φ Lx+1,y = φ 1,y , and φ x,0 = 0 and φ x,Ly+1 − φ x,Ly = 0. Note that the Dirichlet-Neumann BCs do not have the zero mode that would have been present for NeumannNeumann. We compute the entanglement entropy for regions A of width L A x with fixed ratio L A x /L y = 4, as depicted in Fig. 5 , and extract the logarithmic contribution by performing least-squares fits of our numerical data to the scaling ansatz [35, 36, 40, 41] 
For the Dirichlet-Neumann BCs that we have chosen, the region A displays four boundary corners; two Dirichlet and two Neumann (the factor two is due to the symmetry b(θ) = b(π − θ)). The logarithmic contribution 2s log in the entropy is thus the sum of the Dirichlet and Neumann boundary corners functions, such that once extracted, we may directly check our conjectured relation (21) as We present in Appendix C the implementations of different boundary conditions on a one-dimensional lattice, and in particular Neumann BC. The extension to higher dimensional lattices is straightforward. The twodimensional vacuum two-point functions in the thermodynamic limit L x → ∞ are the following: where
with k y = π(2n y − 1)/(2L y + 1) and n y = 1, · · · , L y . Expressions (44) and (45) are the matrix elements of the correlation matrices X A and P A respectively (where (i, j) and (r, s) are the raw and column indices respectively). On square lattices, angles which obey tan θ = r ∈ Q are accessible by "pixelation" of the region A (see e.g. [15, 40] ). This is shown in Fig. 5 for tan θ = ±2. Our lattice results for the free scalar with Dirichlet-Neumann BCs are given in Table II in which we have reported the digits that we found to be robust. We also include in this table the values of a(2θ) from the "high precision ansatz" of [40] (see Appendix D), the numerical results of [15] for b (D) (θ), as well as the values of b (N ) (θ) deduced from the previous results. Plots of all this are shown in Fig. 6 .
As can be seen in Table II , we find a difference of less than 0.5% between our numerical results for b (D) (θ) + b (N ) (θ) and the field theoretic ones [40] for a(2θ), thus implying the validity of (21) . The high precision lattice results [40] for the bulk corner function a(2θ) are also in close agreement with our numerical results; we do not show their values here since they agree with the field theoretic ones within error bars. Further, we have computed the n = 2 Rényi entropy and find that (21) also holds in that case within less than 1% discrepancy between the numerics and the theory. Table II shows the comparison with the high precision field theory results for a 2 (2θ) [40] .
n Entanglement entropy n = 1 Rényi entropy n = 2 
, which we compare to those of [40] for a(2θ) in the third column. In the fourth column are reported the numerical results of b (D) (θ) [15] . Next, we give values of the Neumann boundary corner function
The next 2 columns compare our numerical results for the n = 2 Rényi case b
(θ) with the theoretical one a2(2θ) of [40] . We also give b (D) 2 (θ), which was computed using a lattice with DD boundary conditions. The last column shows b
Using our numerical results, we find that the Rényi index n and the angle dependences in the entropy do not factorize. If it were the case, we would have b n (θ)/b(θ) = const valid for all angles θ. This ratio for n = 2 shows a deviation of 13% for Neumann BCs, and only 2% for Dirichlet BCs between θ = π/2 and θ = arctan(1/4). At orthogonality, our results for n = 1, 2 are in perfect agreement with the following relation [8, 14] 
where b(θ) ≡ b 1 (θ). This can be understood by using the replica trick. The Rényi entropies may be computed by introducing in the underlying manifold a conical singularity located at the entangling surface. In three dimensions, when a flat entangling curve intersects orthogonally the flat physical boundary, the singular spacetime factorizes as the product of a two-dimensional cone (the singular part, n-dependent) with a semi-infinite interval (the entangling line). As a result, the Rényi entropy is simply proportional to the entanglement entropy, hence (46) . Now if the entangling curve is not orthogonal to the boundary, we do not have a product space, therefore the Rényi index n and the angle dependences in the entropy do not factorize, as we verified numerically.
Relation to central charges
It has been conjectured in [15] that relation (18) should hold for free scalars split evenly between Neumann and Dirichlet BCs, and for free fermions with mixed BCs, due to properties that these theories share with the holographic one at α = π/2. For scalars, the value of A 
and is indeed satisfied with the values of σ D/N s given in (25) . The value of A T for fermions is known through its relation with the boundary central charge c in the trace anomaly [42] (see Appendix A), A
holds for fermions as well. As we will see shortly, this may be understood as a consequence of A T being related to C T for free scalars and fermions. The validity of σ B = −πA T for free Dirichlet-Neumann scalars, mixed fermions and holographic theories dual to Einstein gravity raises the question whether it also holds for other 3d theories with appropriate BCs. It would be interesting to test this hypothesis with different models in order to see if universality is indeed at play here. Now, recall that for bulk corners, the smooth coefficient is universal and proportional to C T , see (13) . Then, using (13) and (23) together with (47) and (48) yields the relation
One can check that this equality indeed holds for scalars with A . We thus find through the connection between bulk and boundary corner entanglement that the charge A T appearing in the near-boundary expansion of the stress tensor is in fact related to C T , and it appears so in a universal way for free fields. In fact, such a relation between A T and C T seems to exist in any dimensions for free fields, and for holographic theories with BC α = π/2 only [43] , see Appendix A for further details.
We also notice that with (25) , the boundary corner coefficients for free fields may be expressed in a universal form
where a is the boundary central charge in the conformal anomaly (see Appendix A): a = ±1 for scalars with Dirichlet (+) and Neumann (−) BCs, and a = 0 for fermions with mixed BCs. Note that (50) is not valid for holographic bCFTs with arbitrary α, but it does hold for α = π/2 (the charge a ∝ cot α vanishes in that case).
B. Holographic theories
Within the AdS/CFT framework, certain holographic CFTs are described by a gravity theory coupled to a negative cosmological constant in one dimension higher. The holographic entanglement entropy (HEE) of some region A in the boundary CFT is computed using the Ryu-Takayanagi prescription [44] as the area (divided by 4G, where G is the gravitational constant) of the minimal co-dimension 2 surface homologous to A on the conformal boundary of the AdS spacetime. The holographic bulk corner function a E (θ) for 3d CFTs dual to Einstein gravity in AdS 4 has been computed in [25, 45] .
The holographic picture of AdS/bCFT was introduced in [16] and can briefly be sketched as follows. The dual of a bCFT d is given by a gravity theory in asymptotically AdS d+1 spacetime restricted by a d-dimensional brane Q whose boundary coincides with the boundary ∂M of the bCFT d . The HEE is also computed according to RyuTakayanagi prescription. For the simplest geometrical setup in which the boundary of the bCFT 3 is flat and its extension Q into the bulk is completely determined by its slope α, the HEE of an infinite wedge adjacent to the boundary was computed in [19] . The corresponding boundary corner function b (α) E (θ) depends on the extra parameter α, which from a mathematical point of view controls the slope of the brane Q in the bulk, but from a field theory perspective should be related to the boundary conditions of the underlying holographic theory.
Interestingly, for the value α = π/2, it has been observed in [19] that b (π/2) E (θ) is related to the holographic bulk corner function a E (θ) as
This equality satisfies our conjecture (4), with boundary conditions given by B = B : α = π/2. This is the unique set of values of α that leads to the relation (4). Note that for α = π/2, the holographic theory shares some common properties with free scalars split evenly between Neumann and Dirichlet BCs, and with free fermions with mixed BCs, e.g. similar structures of one-and two-point functions [32, 46, 47] , and vanishing boundary corner contribution at orthogonality in the entanglement entropy [18, 19] . The relation (51) is therefore consistent with the free field ones (21) and (22).
IV. Extensive Mutual Information model
Within the Extensive Mutual Information model (EMI) [48] [49] [50] , the entanglement entropy of a region A in infinite flat space is obtained by the following double integral over two copies of the boundary ∂A of A: (52) where d is the spacetime dimension, s 0 is a positive constant, andn is an outward pointing vector normal to ∂A. The EMI model has the interesting property that the mutual information, I(A, B) = S(A) + S(B) − S(A ∪ B), satisfies the extensivity property:
hence its name. The entanglement entropy given by (52) is valid in flat space without boundaries. We introduce the following generalization that includes a flat boundary ∂M by the following simple ansatz, which we dub 'bEMI':
where A is the mirror image of A with respect to ∂M, see Fig. 7 . By construction, S bEMI satisfies (4) with identical boundary conditions B = B , although we are being agnostic about the physical meaning of the boundary condition since we do not know what theory has an entanglement entropy given by the bEMI. Note that we refer to (52) and (54) as entanglement entropies, but keep in mind that the EMI and bEMI ansatzes can be extended to general Rényi entropies by replacing s 0 with s 0,n .
A. Corner entanglement in 2 + 1 dimensions
For the EMI model, the bulk corner function a EMI (θ) reads [49] a EMI (θ) = 2s 0 1 + (π − θ) cot θ .
Our bEMI ansatz thus yields the boundary corner function b EMI (θ):
We note that this relation is identical to that of the free Dirac fermion (22) with mixed BCs, scalars with mixed BCs, and to the holographic one (51) with BCs α = π/2.
Using (55), we find that the boundary corner function vanishes at orthogonality b EMI (π/2) = 0, which implies the vanishing of the central charge
The expansion coefficients for angles near π/2 and 0 read σ bEMI = s 0 4/3 and κ bEMI = s 0 π/2, respectively. These coefficients are listed in Table I . Using the known value [26] for the bulk theory, C T = s 0 16/π 2 , we see that the following relation holds:
which is also satisfied by a free Dirac fermion with mixed BCs, free scalars with Dirichlet-Neumann BCs, and holographic CFTs with α = π/2. Now, assuming the relation
holds for the bEMI, we can extract the boundary central charge: A bEMI T = −s 0 4/(3π). We note that this value is the same as the one we would have obtained using A bEMI T = −πC T /12. However, since we do not know whether these relations hold for the bEMI, the value of A T is a conjecture.
b EMI (θ) (normalized) is plotted as a function of θ in Fig. 8 . As one may see in this figure, the normalized boundary corner functions for the bEMI, holography, fermions, and N+D scalars are hardly discernible. Universality seems to be at play here. Gaining a better understanding of this is of foremost importance.
B. (1 + 1)−dimensional systems
In d = 2, the two integrals in (52) should be replaced by a double sum over the set of endpoints p i of the intervals for which the entropy is computed:
At coincidental points p i = p j , the expression above needs to be regulated; we thus introduce a short-distance UV cut-off , i.e. |p i − p i | → . Let us denote the set of endpoints by {p i } ≡ {u i , v i }, where u i and v i are the left and right endpoints of the interval A i , respectively. In the basis (0,ê x ) with the unit vectorê x in the direction of increasing x, the normal vectorsn i at p i are simplŷ n i = ±ê x , depending on the endpoint being left (−) or right (+). It is then straightforward to show that the pintervals entropy for the EMI model in 1 + 1 dimensions takes the form: (60) is exactly the n-Rényi entropy of a free massless Dirac fermion [48] ! Our bEMI ansatz (54) for p regions yields
In particular, for one interval of length connected to the boundary in 1 + 1 dimensions, eq. (61) gives
which is exactly the result (2) for a Dirac fermion (with Virasoro central charge c = 1) on the semi-infinite line. For one interval of length at a distance d from the boundary, we obtain
which again perfectly agrees with the known result [24] for the free fermion in a semi-infinite system. Note that taking the limits d → ∞ and d → 0, one recovers (1) and (2), respectively. We therefore conclude that the EMI and bEMI models are exact for free fermions in 1 + 1 dimensions. 
V. Lifshitz field theory in 2 + 1 dimensions
Lifshitz field theories (LFTs) are non-relativistic theories which exhibit anisotropic scaling between space and time, with characteristic dynamical exponent z = 1. In 2+1 dimensions, the free Lifshitz real scalar theory with dynamical critical exponent z = 2 enjoys many interesting features. The corresponding Euclidean action for the non-compact scalar ϕ in d = 3 is
We have absorbed an inessential constant that would appear in front of the term with spatial derivatives by using field and coordinate rescalings. For this model, the groundstate wavefunctional is given in terms of the Euclidean action I CFT [ϕ] of the two-dimensional CFT [51] ,
where Z is the partition function of the CFT,
The groundstate wavefunction (65) of the z = 2 free scalar is thus conformally invariant in space [51] ! We consider spatial bipartitions such as those shown in Fig. 2 . Then, provided ϕ is non-compact, the Rényi entanglement entropy for the groundstate is given by [21] 
and is independent of the Rényi index n, which we henceforth drop. Z A and Z B are the free (CFT) scalar partition functions on regions A and B, respectively, with continuity of the fields requiring Dirichlet BCs on the entangling curve Σ. Z A∪B is the partition function on the entire space M, with specified boundary conditions, e.g. Dirichlet or Neumann 1 BCs, on the space boundary ∂M. In [21] , only Dirichlet BCs were considered. The entanglement entropy can thus be written as the difference in free energies
For the free scalar field, the free energy can be expressed in terms of the heat kernel K(s) ≡ e s of the (2d in our case) Laplacian operator ,
where the trace is taken over the region of interest and → 0. Computing the entanglement entropy (68) thus boils down to computing the trace of the heat kernel on the three domains A, B, and A ∪ B.
A. Corner entanglement for the z = 2 scalar Suppose a two-dimensional domain M has a piecewise smooth boundary ∪ i ∂M i consisting of a number of ∂M i (with extrinsic curvature k i ) which may intersect at some points, the corners. Either Dirichlet or Neumann BC is imposed on each of the pieces ∂M D/N i , thus yielding three types of corners (NN, DD and ND). The heat trace tr K(s) admits an asymptotic expansion as s → 0 of the form 2 :
where the coefficients a p depend on the geometry of the domain and on the boundary conditions. Plugging the heat trace expansion in (69) yields the following leading terms in the free energy:
where is a length scale characteristic of the size of the domain on which the free energy is computed. The first three heat coefficients are given by (see [53] and references therein)
where we have defined the following heat corner functions
where H stands for a corner with homogenous BCs (DD or NN) and M for a mixed corner (ND). Note that the mixed heat corner coefficient can be obtained by applying relation (20) , that is
One can explicitly check (76) by computing the heat trace on mixed wedges of opening angles, e.g., π/2, π/4, π/6 with the method of images. This result for the mixed corner was previously obtained with the same arguments by Dowker in [54] . Notice that f M (θ) is not a monotonic function of θ over [0, π] as f H (θ). Getting back on track, it is clear that the volume terms, i.e. the a 0 's, do not contribute to the entropy, while the boundary terms a 1 produce the area law (due to the Dirichlet BC imposed on the entangling surface). The first two (smooth) terms in a 2 do not contribute to the entropy either. However, the last two terms in a 2 , originating from the corners, give rise to a logarithmic scaling in the entropy. The corner functions corresponding to the geometries in Fig. 2 are easily obtained by summing the heat coefficients f H/M for the regions A and B and subtracting those for A ∪ B. The entanglement entropy for the z = 2 free scalar field thus has the following form:
where the logarithmic coefficient s log is given by the different corner functions,
Below we give formulas for these corner functions which will allow us to explicitly check our conjecture (4) for this theory.
Bulk corner
The well-known [21] bulk corner function a z=2 (θ) for the wedge does not depend on the boundary conditions on ∂M, and reads for the z = 2 free scalar:
which implies that the smooth-and cusp-limit coefficients respectively read [55] 
Boundary corner
The boundary corner function b z=2 (θ) depends on the boundary condition imposed on ∂M (either D or N),
with
These coefficients are listed in Table I z=2 plotted in Fig. 8 coincide almost perfectly. This is unexpected given how different the two theories are (relativistic-conformal versus nonrelativistic). However, such an agreement does not occur for Neumann BC.
Remarkably, the corner functions for the z = 2 free scalar satisfy the same conjectured equality (21) as for the free relativistic scalar field,
This exact result gives us further confidence in the validity of (4) and (20) for certain QFTs.
VI. Massive theories
So far, we have only considered gapless theories. However, many QFTs are not gapless, and so it is highly desirable to understand the fate of our bulk-boundary relation in that case. For one, we expect our relation (4) between bulk and boundary entropies to hold for certain free massive theories. As an example, let us take the free massive scalar field. The arguments presented in Section II B should carry through to the massive case. Indeed, the heat kernel for a massive scalar field is simply obtained form the massless case as
holds. One could also repeat the treatment for the (half) disk geometry in Section III A 1 for the massive case. The Hamiltonian (32) with a mass term is obtained by replacing k 2 → k 2 + m 2 , thus relation (36) also holds for free massive scalars.
In the half-space, for a flat entangling surface that intersect orthogonally the physical boundary, the corresponding entanglement entropy can be computed explicitly in any dimensions [14] . For instance, in 3d one has
which satisfies the bulk-boundary relation (4): the logarithms cancel when we add the entropies corresponding to the two boundary conditions. The ellipsis represents terms subleading in ; is the IR cut-off for the size of the entangling region. The case of massive Dirac fermions must be treated with care because gapless edge states can be present on boundaries, which would arise in the description of Chern or Z 2 topological insulators, for instance. These gapless edge modes can affect the entanglement entropy of regions touching the boundary. We leave the discussion of such effects for future work.
VII. Conclusion
We studied the quantum entanglement properties of systems in the presence of a physical boundary. We have proposed a bulk-boundary relation (4) relating the Rényi entropies of certain theories with and without a boundary. Our attention was focused on situations where the entangling surface intersects the boundary of the space. In particular, in three dimensions, this leads to a new type of corners, called boundary corners, from which originates a new kind of universal quantities in the entanglement entropy. These corner-induced logarithmic terms are not to be confused with those arising in the bulk when the entangling surface presents a singularity. For a given theory, the corresponding boundary corner function b (B) (θ) depends on the opening angle θ of the corner adjacent to the physical boundary and on the boundary conditions B. Our bulk-boundary relation connects the universal bulk and boundary corner terms for a family of theories (20) . The relation applies for boundary theories with "mixed" BCs, such that for bCFTs the Euler boundary central charge vanishes a = 0, see (8) . This is the case for free scalars evenly split between Dirichlet and Neumann BCs, as well as free Dirac fermions with mixed BCs, holographic CFTs with an α = π/2 BC, and the boundary Extensive Mutual Information Model (bEMI). The later allows a simple geometric calculation of the entanglement entropy in the presence of a flat boundary, and thus constitutes a useful tool.
We also studied the Lifshitz free scalar with dynamical exponent z = 2. The bulk and boundary corner functions can be computed explicitly, producing remarkably simple functions of the opening angle θ for both Dirichlet and Neumann BCs. These functions satisfy the bulkboundary relation (20) , and behave very similarly to the case of the relativistic scalar. In particular, the Neumann corner function (83) is negative for all angles, just as in the relativistic case.
An interesting direction would be to study the relation between the bulk and boundary entanglement entropies of other Lifshitz theories and CFTs, such as the Ising CFT or its N > 1 cousins (generally known as O(N ) Wilson-Fisher fixed points). In tour-de-force numerical calculations, the bulk corner function a(θ) for angles of π/2 was studied on the lattice [56] [57] [58] [59] , and analytically in the large-N limit [60] . It would be worthwhile to apply these methods to corners adjacent to the boundary, for different boundary conditions.
Our results also generalize to higher dimensions. For instance, we discuss the case of cylindrical entangling regions in 3 + 1 dimensions in Appendix B. More interestingly, one could study the case of trihedral vertices, where three planes meet at a point. These vertices lead to a logarithmic contribution to the entanglement entropy for gapless theories, and were studied recently in the bulk for critical states [29, [61] [62] [63] [64] , but much remains unknown about their properties. One could examine how the bulk trihedral entropy relates to that of boundary trihedral corners, where the two planes forming the en-tangling surface intersect the flat physical boundary to form a trihedral vertex. Grant from NSERC, a Canada Research Chair, and a "Établissement de nouveaux chercheurs et de nouvelles chercheuses universitaires" grant from FRQNT. This research was enabled in part by support provided by Calcul Québec (www.calculquebec.ca) and Compute Canada (www.computecanada.ca).
A. Comments on bulk and boundary charges
Boundary conformal field theories offer a wider bestiary of central charges than conformal field theories. This has of course to be imputed to the presence of the 'b' in bCFT. In three dimensional spacetimes with boundaries, the conformal anomaly no longer vanishes and there are two boundary charges, a and c [65, 66] . The vacuum expectation value of the trace of the stress tensor integrated over the spacetime reads
where χ[∂M 3 ] is the Euler characteristic of the boundary andk µν is the traceless part of the extrinsic curvature tensor of the boundary. The charge c is independent of boundary conditions, while a for scalars is not. For a free scalar field, c = 1 and a = ±1 for Dirichlet (+) and Neumann (−) boundary conditions, and c = 2, a = 0 for a free Dirac fermion with mixed boundary conditions. Recently [42, 67] , c has been connected to two other boundary charges, namely A T and c nn , where c nn is the charge in the two-point function of the displacement operator. Then, with eq. (49) which relates A T to C T for free fields, one finds that all the boundary charges presented above, with the exception of a, are related to the bulk charge C T ,
Therefore, only the boundary charge a and the bulk charge C T are independent for free fields. One may also wonder if such a relation between A T and C T exists in higher dimensions. For scalars, fermions and vectors we find in the literature [30, 42, 68 , 69]
For scalars, one gets in d dimensions
One can check that (A6) is actually satisfied for every known values of C T and A T for free CFTs. As an interacting example, for holographic bCFTs we have in d dimensions [19] ,
and it is easy to show that for α = π/2 we have
which is exactly (A6). In d = 4 bCFTs, the conformal anomaly reads [7, 66] 
The coefficients b 1 and b 2 are new boundary central charges while a and c are the well-known bulk charges. Only b 2 depends on boundary conditions as one finds from free fields b 1 = c. The values of these charges for free fields are given by
It is known that b 1 = c = 3π 4 C T for free fields. In [67] , it was proven that b 1 is related to the coefficient c nn in the displacement operator two-point function as
Thus through this chain of relations for b 1 , we have for free fields
e ilθ e i2πkz/L , where k, l ∈ Z. The entanglement entropy of a cylinder is thus given by
which can be written as
as for the disk case. Again, it is interesting that the difference between the entanglement entropy for Dirichlet and Neumann BCs is the presence of the k = 0 mode in the latter. One further notices that the entropy associated to this mode is in fact the entropy of a scalar field in a disk of radius R in 2 + 1 dimensions (35), and we have 
The equality (B10) yields the following relation for the logarithmic contributions s cyl :
as there is no logarithmic contribution for the disk in 2+1 dimensions. Equation (B11) is actually the expected result for the cylinder. In a flat four-dimensional spacetime with a flat boundary ∂M, the logarithmic term in the entanglement entropy for an entangling surface Σ intersecting orthogonally the boundary is given by [70, 71] s log = a 180
The first term is the Euler characteristic of Σ and (k i ) µν is the traceless part of the extrinsic curvature of Σ as embedded in the four-dimensional spacetime. The central charges a and c do not depend on the BCs. The Euler characteristic of a cylinder (with a geodesic boundary or none) is zero and only the c-part in the logarithmic contribution remains. A similar calculation for an hemisphere would yield the same relations as (B9) and (B11), only for the (hemi)sphere, it is the a-part that is non-vanishing. Note that χ[sphere] = 2 and χ[hemisphere] = 1.
C. Implementation of boundary conditions for the discretized scalar field
The continuum Hamiltonian of a free massless scalar field in 1 + 1 spacetime dimensions is
In the discrete case, the fields are evaluated at a lattice site i ∈ [1, N ] such that φ(x) → φ(x i ) ≡ φ i and π(x) → π(x i ) ≡ π i . The above Hamiltonian is thus replaced by
where φ T = (φ 1 , φ 2 , · · · , φ N ), π T = (π 1 , π 2 , · · · , π N ), and the matrix K is the discretized version of the spatial laplacian operator −∂ 2 x . In the static case, the Hamiltonian (C2) yields the equations of motion
with specified boundary conditions at both ends of the lattice. Since we are considering a scalar field, its discrete counter-part is the harmonic chain with nearest neighbors interactions. The equation of motion for the oscillator φ i reads:
One should however take the boundary conditions into account in the equations of motion of φ 1 and φ N . In order to implement boundary conditions on a discrete domain, we first introduce fictitious degrees of freedom, φ 0 and φ N +1 . The equations of motion for φ 1 and φ N are
but we can get rid of the extra φ 0 and φ N +1 by substituting in (C5) and (C6) boundary conditions such as 
at i = 0, and similarly at i = N + 1. Then, the equations of motion including the boundary conditions are put in the vector form (C3), from which one can read off the matrix K. For example, with Dirichlet/Neumann BC on the left/right end, K is a tridiagonal N × N matrix,
The matrix K has eigenvectors v i,j (i labels the components of jth eigenvector) and eigenvalues ω 2 j = 4 sin 2 (k j /2) where k j depends on the BCs:
DD :
NN : 
Finally, we obtain the groundstate correlation functions for the scalar field on the lattice as
n v i,n v † j,n , (C16)
Note that for a massive field we have ω 2 n → ω 2 n + m 2 .
D. High precision ansatz for the scalar bulk corner function
We present in this appendix the high precision ansatz of [40] for the scalar bulk corner function a n (θ), where n is the Rényi index. This ansatz takes the form:
where M corresponds to the number of smooth limit coefficients σ (p−1) n used (σ
n ≡ σ n ). We refer the reader to [35] for the details regarding the expansion of the corner function in the nearly smooth limit. We give below the coefficients σ (p−1) n up to p = 8 (M = 8) for n = 1, 2 found in [35, 40] . For the cusp limit coefficients, the value of κ ≡ κ 1 is reported below eq. (25) , while the n = 2 one may be found in [34] , κ 2 = 0.0227998. 
